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Let q2 be an integer and let w be a block of 0, ..., q&1 of finite length. For a
nonnegative integer n, let e(w; n) denote the number of occurrences of w in the
q-adic expansion of n. Define f (w; z)=n0 e(w; n) zn. We give necessary and suf-
ficient conditions for the algebraic independence of functions f (w1 ; z), ..., f (wm ; z)
and their values for given blocks w1 , ..., wm .  1999 Academic Press
1. INTRODUCTION
Let K be a field and [s(n)]n0 be a sequence with values in K. Let q2
be an integer. According to Allouche and Shallit [2], the q-kernel of
[s(n)]n0 is the set of all subsequences of the form [s(qen+a)]n0 , where
e0 and 0a<qe, and [s(n)]n0 is q-regular if its q-kernel is contained
in a finite dimensional K-vector space. We remark that they defined
q-regular sequences in arbitrary commutative Noetherian rings. A q-regular
sequence [s(n)]n0 is q-automatic if and only if its q-kernel is finite. For a
q-regular sequence, we define a formal power series f (z)=n0 s(n) zn.
Then there exist formal power series f1(z)(= f (z)), f2(z), ..., fm(z) with the
coefficients in K which satisfy the functional equation
f1 (z) f1 (zq)
\ b +=A(z) \ b + ,fm(z) fm(zq)
where A(z) is an m_m matrix whose entries are polynomials in z of degree
less than q with the coefficients in K (cf. Nishioka [12, Chap. 5]). By
Corollary 2 of the Theorem in Nishioka [11], if K is an algebraic number
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field, : is an algebraic number with 0<|:|<1, and :q k is not a zero of
det A(z) for each k0, then
trans.degQ Q( f1(:), ..., fm(:))=trans.degC(z) C(z)( f1(z), ..., fm(z)).
In Loxton and van der Poorten [6], they proved the same result for
:=1n, where n2 is an integer. As Becker [3] pointed out, the trans-
cendence of the function f (z) is insufficient to deduce the transcendence of
the value f (:) from the result above. The same situation occurs even in the
case of q-automatic sequences. So the Transcendence Theorem in Morton
and Mourant [10] is not proved. In [3, 12] we can find some trans-
cendence and algebraic independence results relating to q-regular sequen-
ces. In this paper, we will prove transcendence and algebraic independence
results concerning the typical q-regular sequences [e(w; n)]n0 below
which are studied in Morton and Mourant [9, 10].
Let W denote the set of all non-empty blocks of 0, 1, ..., q&1 of finite
length: I.e.,
W :=[b1 } } } b l | bi # [0, 1, ..., q&1], l1].
For any w=b1 } } } bl # W with bi # [0, 1, ..., q&1], let |w| denote the length
l of w and put
v(w) :={
:
l
i=1
bi ql&i (w{0 l),
ql (w=0l),
where 0l=0 } } } 0
l
. Let w # W and let n be a positive integer. Then e(w; n)
denote the number of (possibly overlapping) occurrences of the blocks w in
the q-adic expansion of n. But if w{0l, then in evaluating e(w; n) we
assume that the q-adic expansion of n starts with an arbitrarily long prefix
of zeros. In the case of w=0l, we use the q-adic expansion of n which does
not start with a zero (cf. Allouche and Shallit [1]). We define e(w; 0) :=0
for all w # W.
Then the following formulas (1), (2), and (3) can be verified. Let w # W
with |w|=l and let n0. Then
e(w; n)= :
q&1
b=0
e(bw; n), (1)
e(w; n)= :
q&1
b=0
e(wb; n)+{1,0,
n#v(w) (mod ql),
otherwise.
(2)
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Let m and n be nonnegative integers with m+n>0 and m<ql. Then
e(w; qln+m)=e(w; ql&1n+[mq])+{1,0,
m#v(w) (mod ql),
otherwise.
(3)
We consider the power series generated by the sequences [e(w; n)]n0 ,
namely
f (w; z) := :
n0
e(w; n) zn ( |z|<1).
2. TRANSCENDENCE OF THE FUNCTION f (w; z)
Theorem 1. For any w # W, f (w; z) is transcendental over C(z) and
satisfies the functional equation
f (w; z)=
1&zq
1&z
f (w; zq)+
zv(w)
1&zq|w|
. (4)
Proof. We put l=|w|,
m0={v(w)0
(w{0l),
(w=0l),
$={1 (m0 {0),0 (m0=0).
Then we have, by using (3),
f (w; z)= :
n0
:
ql&1&1
m=0
:
q&1
r=0
e(w; qln+qm+r) zqln+qm+r
= :
n0
:
ql&1&1
m=0
:
q&1
r=0
(e(w; ql&1n+m) zq ln+qm+r+$zm0+ :
n1
zq ln+m0
=
1&zq
1&z
:
n0
:
ql&1&1
m=0
e(w; ql&1n+m)(zq)ql&1n+m+$zm0+
zql+m0
1&zql
=
1&zq
1&z
f (w; zq)+
zv(w)
1&zql
.
This proves the functional equation (4).
We assume that f (w; z) is algebraic over C(z), the field of rational
functions. We put f (z)=(1&z) f (w; z), so that by (4) f (z) satisfies the
functional equation of the following form
f (z)= f (zq)+r(z) (r(z) # C(z)).
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Then, by the theorem of Kubota [4, Corollary 9] or Loxton and van der
Poorten [5, Theorem 2], f (z) is a rational function, and so is f (w; z).
Hence we may write f (w; z)=a(z)b(z), where a(z) and b(z) are relatively
prime polynomials. It follows from (4) that
(1&zql) a(z) b(zq)=(1+z+ } } } +zq&1)(1&zql) a(zq) b(z)+zv(w)b(z) b(zq).
If we put z=1, then we find b(1)=0 and so a(1){0, since a(z) and b(z)
are relatively prime. We put b(z)=(1&z)N b1(z), where b1(z) # C[z],
b1(1){0, and N1. Then
(1&zql)(1&zq)N a(z) b1(zq)
=(1+z+ } } } +zq&1)(1&zql)(1&z)N a(zq) b1(z)
+zv(w)(1&z)N (1&zq)N b1(z) b1(zq).
Dividing both sides by (1&z)N (1&zq), we get
(1+z+ } } } +zql&1)(1+z+ } } } +zq&1)N&1 a(z) b1(zq)
=(1+z+ } } } +zql&1) a(zq) b1(z)+zv(w)(1&zq)N&1 b1(z) b1(zq).
We choose z=1. Then we have qN&1=1 if N2 and b1(1)=0 if N=1. In
any case we have a contradiction. Therefore, f (w; z) is transcendental over
C(z). The proof is complete.
Theorem 1 together with the theorem of Mahler [7] lead to the follow-
ing.
Corollary. For any algebraic number : with 0<|:|<1, f (w; :) is
transcendental.
3. ALGEBRAIC INDEPENDENCE OF THE FUNCTIONS
f (w1 ; z), ..., f (wm ; z)
Let w1 , ..., wm # W. We put fi (z)=(1&z) f (wi ; z), so that by (4) fi (z)
satisfies the functional equation of following form:
fi (z)= f i (zq)+ri (z) (r i (z) # C(z)).
Then it follows from Mahler’s theorem in [8] that if f (w1 ; z), ..., f (wm ; z)
are algebraically independent over C(z), then, for any fixed algebraic num-
ber : with 0<|:|<1, f (w1 ; :), ..., f (wm ; :) are algebraically independent.
Therefore the question is reduced to the algebraic independence of the
functions f (w1 ; z), ..., f (wm ; z), which however is equivalent to the linear
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independence over C modula C(z) by the theorem of Kubota [4, Corollary
9] or Loxton and van der Poorten [5, Theorem 2] stated above.
Theorem 2. Let w1 , ..., wm # W and let l=max[ |w1 |, ..., |wm |]. Then
the following three conditions are equivalent:
(i) f (w1 ; z), ..., f (wm ; z) are linearly dependent over C modulo C(z).
(ii) There exist c1 , ..., cm # C not all zero such that the sequence
[mi=1 cie(wi ; n)]n0 is purely periodic with a period q
l&1.
(iii) For any integer n, let n* be such that n*#n (mod ql&1) and
0n*<ql&1.
Then
rank(e(wi ; n)&e(wi ; n*))1im, ql&1nq l<m.
We remark that the condition (iii) can be checked in finitely many steps
for given blocks w1 , ..., wm # W.
Corollary. Let w1 , ..., wm # W not satisfy the conditions of Theorem 2.
Then, for any algebraic number : with 0<|:|<1, f (w1 ; :), ..., f (wm ; :) are
algebraically independent.
Proof. (i) O (ii). By the condition (i), there exist c1 , ..., cm # C not all
zero and r(z) # C(z) such that
:
m
i=1
ci f (wi ; z)=r(z). (5)
Putting z=zq, we have
:
m
i=1
ci f (wi ; zq)=r(zq).
Here by (4),
f (wi ; zq)=
1&z
1&zq
( f (wi ; z)&di (z)) (1im),
where
di (z)=
zvi
1&zqli
, vi=v(wi), li=|wi | (1im).
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Thus we get
:
m
i=1
ci
1&z
1&zq
( f (wi ; z)&di (z))=r(zq),
and hence
:
m
i=1
ci f (wi ; z)=
1&zq
1&z
r(zq)+ :
m
i=1
ci di (z).
Substituting this into (5), we have
r(z)=
1&zq
1&z
r(zq)+ :
m
i=1
ci di (z).
The second term of the right-hand side of the equation can be written as
:
m
i=1
ci di (z)=
P(z)
1&zql
,
where
P(z) # C[z], deg P(z) max
1im
[vi+ql&qli]ql. (6)
Therefore we obtain
r(z)=
1&zq
1&z
r(zq)+
P(z)
1&zql
. (7)
Now we shall prove that
R(z) :=(1&zql&1) r(z) # C[z], (8)
where r(z) is defined by (5). It is enough to show (8) that all poles of r(z)
are (ql&1)th root of unity and simple. Note that 0 is not a pole of r(z) by
(7). Suppose that r(z) have poles which are not (ql&1)th root of unity. Let
! be a pole of r(z) such that ! is the smallest argument of these poles. Here
and in what follows the argument of a complex number is always taken in
(0, 2?]. Let !1 be one of qth roots of ! such that arg !1=(arg !)q.
Then !1 is not a pole of r(z). On the other hand since !q1=!{1, !1 is a
pole of r(zq)(1&zq)(1&z), but it is not a pole of P(z)(1&zq l) since
!q l1 =!
ql&1{1. Hence !1 is a pole of r(z) by (7). This is a contradiction.
Therefore all poles of r(z) are (ql&1)th root of unity.
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Next we show that all poles of r(z) are simple. We note first that z=1
is a pole of r(z) of order at most 1. Suppose, to the contrary, that z=1 is
a pole of r(z) of order N2. We put s(z)=(1&z)N r(z), so that s(1){0.
Then by (7)
s(z)
(1&z)N
=
1&zq
1&z
s(zq)
(1&zq)N
+
P(z)
1&zql
,
and so
s(z)=
s(zq)
(1+z+ } } } +zq&1)N&1
+
(1&z)N&1 P(z)
1+z+ } } } +zql&1
.
Putting z=1, we find 1=q1&N; which contradicts N2. Now suppose
that there are poles of r(z) of order greater than 1. Let ! be a pole of r(z)
such that ! is the smallest argument of these poles. Let !1 be one of qth
roots of ! such that arg !1=(arg !)q. Then !1 is a pole of r(z) of order at
most 1. On the other hand, since !q1=!{1, !1 is a pole of r(z
q)(1&zq)
(1&z) of order greater than 1. But !1 is a pole of P(z)(1&zq
l
) of order
at most 1, since !q1=! is a (q
l&1)th root of unity. hence by (7) !1 is a pole
of r(z) of order greater than 1. This is a contradiction. Therefore all pole
of r(z) are simple. And (8) is proved.
Furthermore, we see that
deg R(z)<ql&1. (9)
Indeed, it follows from (7) and (8) that
R(z)
1&zq l&1
=
1&zq
1&z
R(zq)
1&zq l
+
P(z)
1&zql
,
and so
1&zq l
1&zq l&1
R(z)=
1&zq
1&z
R(zq)+P(z). (10)
If we assume that
deg
1&zq l
1&zql&1
R(z)deg
1&zq
1&z
R(zq),
we have
ql&ql&1+deg R(z)q&1+q deg R(z),
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which yields (9). On the contrary, if
deg
1&zq l
1&zql&1
R(z)<deg
1&zq
1&z
R(zq),
we get
deg
1&zq
1&z
R(zq)=deg P(z)
using (10). Hence we have by (6)
q&1+q deg R(z)ql.
In any case we obtain (9).
Therefore it follows from (5), (8), and (9) that the coefficients
[mi=1 cie(wi ; n)]n0 of r(z)=R(z)(1&z
ql&1) are purely periodic with a
period ql&1.
(ii) O (i). Clear.
(ii) O (iii). Let c1 , ..., cm # C be as in (ii). Then
:
m
i=1
ci (e(wi ; n)&e(wi ; n*))=0
for any nonnegative integer n. In particular, row vectors of the matrix in
(iii) are linearly dependent over C.
(iii) O (ii). We previously set #n :=mi=1 cie(wi ; n) (n0). By (iii),
there exist c1 , ..., cm # C not all zero such that
#n=#n* (11)
for all n with 0nql. It is enough to show (ii) that (11) folds for all
n0. Let n>ql and assume that #k=#k* for k<n. We write n=qlh+n$,
where h0, 0n$<ql. For any wi , we have
e(wi ; n)&e(wi ; [nq])=e(wi ; n$)&e(wi ; [n$q]),
noting that n#n$ (mod qli) and (3), and so
e(wi ; n)&e(wi ; n$)=e(wi ; [nq])&e(wi ; [n$q]).
Hence we get
#n&#n$=#[nq]&#[n$q] .
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Here, since [nq]*=[n$q], the right-hand side is vanished by the induc-
tion hypothesis. And so #n=#n$ . Since n*=n$*, we obtain #n=#n* again by
the induction hypothesis. The proof is complete.
4. BASIS OF L(Wl), L(W)
For a subset V of W, we set
L(V) :={c(z)+ :
m
i=1
ci f (wi ; z) } w1 , ..., wm # V,
c(z) # C(z), c1 , ..., cm # C, m1= ,
which is a vector space over C.
Theorem 3. Let l be a positive integer. We put Wl :=[w # W | |w|l]
and
W l* :=[bw # W | b # [1, ..., q&1], |bw|=l] _ [0 l].
Then [ f (w; z) | w # W l*] is a basis of L(W l) over C modulo C(z).
Proof. We put W l*=[w0=0l, w1 , ..., wm], where m=*W l*&1. We
first prove that if
:
m
i=0
ci f (wi ; z)#0 (mod C(z)) (ci # C),
then c1= } } } =cm=0. For any fixed j1, we write wj as b1 } } } b l where
b1 , ..., b l # [0, 1, ..., q&1], and b1 {0, and put n= li=2 biq
l&i. Then since
v(wj)#n (mod ql&1), we have by Theorem 2(ii),
:
m
i=0
ci e(wi ; v(wj))= :
m
i=0
c ie(wi ; n).
In the right-hand side e(wi ; v(wj)){0 only when i= j, noting that n<ql
and b1 {0. Hence cj=0 for all j1 and therefore we obtain
C(z) % :
m
i=0
ci f (wi ; z)=c0 f (w0 ; z),
and so c0=0 by Theorem 1.
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Next we show that L(Wl)=L(W l*). If l=1, then W l*=[0, 1, ...,q&1]=
Wl . Let l>1 and assume that L(Wl&1)=L(W*l&1). For any w # W*l&1 with
w{0l&1, w 0, ..., w(q&1) # W l*. Hence we have by (2)
f (w; z)= :
q&1
b=0
f (wb; z)+
zv(w)
1&zql&1
# L(W l*).
If w=0l&1 then 0w, ..., (q&1) w # W l*. Hence we have by (1)
f (w; z)= :
q&1
b=0
f (bw; z) # L(W l*).
Thus
L(Wl&1)=L(W*l&1)/L(W l*).
Let w # Wl"W l* with |w|=l. Then w=0x with |x|=l&1, so we have
f (w; z)= f (0x; z)= f (x; z)& :
q&1
b=1
f (bx; z) # L(W l*).
Therefore we obtain L(Wl)=L(W l*). The proof is complete.
Theorem 4. We put
W* :=[w # W | w=b1 } } } b l , bi # [0, ..., q&1], b1 {0, bl {0] _ [0].
Then [ f (w; z) | w # W*] is a basis of L(W) over C modulo C(z).
Proof. Let w1 , ..., wm # W* be distinct blocks. We shall first prove that if
:
m
i=1
ci f (wi ; z)#0 (mod C(z)) (ci # C)
then c1= } } } =cm=0. If m=1, this follows from Theorem 1. Let m>1
and assume that the statement holds for m&1. We put
l=max[ |w1 |, ..., |wm |]. We may assume that w1 {0 and |w1 |=
min[ |wi | | wi {0, 1im]. For any kl, we put nk=v(w1 0k). Since
nk #0 (mod ql&1), we have
:
m
i=1
ci e(wi ; nk)= :
m
i=1
ci e(wi ; 0)=0,
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by Theorem 2(ii). In the left-hand side, we have e(w1 ; nk)=1. If wi {0
with 2im, then e(wi ; nk)=0. Hence c1=0. If wj=0 for some j with
2 jm, then
:
m
i=1
ci e(wi ; nk)=c1+cj (e(0; v(w1))+k)=0.
Letting k  , we obtain c1=0. Hence we have
:
m
i=2
ci f (wi ; z) # C(z),
and so c2= } } } =cm=0 by the induction hypothesis.
We next prove that L(W)=L(W*). Any w # W can be written as
w=0kx0l (k, l0, x # (W*"[0]) _ [*]),
where *=00 is the empty blocks. We show that f (w; z) # L(W*) by induc-
tion on k+l. This is true if k+l=0, since w=x # W*. Let k+l>0 and
suppose that f (0k$y0l $; z) # L(W*) for any k$, l $0 with 0k$+l $<k+l
and y # (W*"[0]) _ [*]. If k1, then we have by (1)
f (w; z)= f (0kx0 l; z)= f (0k&1x0l; z)& :
q&1
b=1
f (b0k&1x0l; z).
Since 0l<k+l and x{0, we get
f (0k&1x0l; z), f (b0k&1x0l; z) # L(W*) (1bq&1)
and hence f (w; z) # L(W*). If k=0, then we have by (2)
f (w; z)= f (x0l; z)# f (x0l&1; z)& :
q&1
b=1
f (x0l&1b; z) (mod C(z)).
Here, since x{0, we get
f (x0l&1; z), f (x0l&1b; z) # L(W*) (1bq&1).
Therefore, we obtain f (w; z) # L(W*). The proof is complete.
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